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Tsallis thermostatistis for nite systems: a Hamiltonian approa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We show that nite systems whose Hamiltonians obey a generalized homogeneity relation rigor-
ously follow the nonextensive thermostatistis of Tsallis. In the thermodynamial limit, however,
our results indiate that the Boltzmann-Gibbs statistis is always reovered, regardless of the type
of potential among interating partiles. This approah provides, moreover, a one-to-one orrespon-
dene between the generalized entropy and the Hamiltonian struture of a wide lass of systems,
revealing a possible origin for the intrinsi nonlinear features present in the Tsallis formalism that
lead naturally to power-law behavior. Finally, we onrm these exat results through extensive
numerial simulations of the Fermi-Pasta-Ulam hain of anharmoni osillators.
PACS numbers: 02.70.Ns, 05.20.-y, 05.45.-a
I. INTRODUCTION
Few quantities in physis play suh a singular role in
their theories as the entropy in the Boltzmann-Gibbs
(BG) formulation of statistial mehanis: it provides, in
an elegant and simple way, the fundamental link between
the mirosopi struture of a system and its marosopi
behavior. Almost two deades ago, Tsallis [1℄ proposed
the following entropy expression as a nonextensive gen-
eralization of the Boltzmann-Gibbs (BG) formalism for
statistial mehanis,
Sq = k
1−
∫
dr[f(r)]q
q − 1
, (1)
where k is a onstant, q a parameter and f(r) a probabil-
ity distribution over the phase spae variables r. Instead
of the usual BG exponential, upon maximization with a
xed average energy onstraint, the above entropy gives
a power-law distribution,
f(r) ∝ [1− (q − 1)βE(r)]
1
q−1 , (2)
where β is a temperature-like parameter and E is the
energy of the system. In the limit q → 1, the above
expressions redue to the familiar BG forms of en-
tropy, S=−k
∫
drf(r) lnf(r), and exponential distribu-
tion f(r) ∝ exp(−βE). The onsequenes of this general-
ization are manifold and far-reahing (for a reent review
see e.g. [2℄), but its most notorious one is ertainly the
fat that Sq, along with other thermodynamial quanti-
ties, are nonextensive for q 6= 1.
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Whether suh formalism an be veried experimentally
or eluidated from any previously established theoreti-
al framework are obvious questions that arise naturally.
The answer to the rst one seems to be armative, as
there are urrently numerous referenes to systems that
are better desribed within the generalized approah of
Tsallis than with the traditional BG formalism [2, 3℄, the
underlying argument being usually based on a best t
to either numerial or experimental data by hoosing an
appropriate value for the parameter q. This is, by far,
the most frequent approah towards Tsallis' distribution
and is surely not onlusive. Its justiation from rst
priniples, although already addressed at dierent levels
in previous studies [4, 5, 6℄, is nevertheless ontroversial
and still represents an open researh issue. For example,
it has been reently suggested that systems in ontat
with nite heat baths should follow the thermostatistis
of Tsallis [4℄. This derivation, however, relies on a parti-
ular ansatz for the density of states of the bath and laks
a more diret onnetion with the entropy, as pointed
out in Ref. [7℄. Also, it has been shown in Ref. [8℄ that
the Tsallis statistis, together with the biased averaging
sheme, an be mapped into the onventional Boltzmann-
Gibbs statistis by a redenition of variables that results
from the saling properties of the Tsallis entropy.
In a reent study [9℄, a derivation of the generalized
anonial distribution is presented from rst priniples
statistial mehanis. It is shown that the partiular fea-
tures of a marosopi subunit of the anonial system,
namely, the heat bath, determines the nonextensive sig-
nature of its thermostatistis. More preisely, it is exatly
demonstrated that if one speies the heat bath to satisfy
the relation
d
dE
(
1
β(E)
)
= q − 1, (3)
where β ∝ 1/(qkT ) is a temperature-like parameter and
T is the thermodynami temperature, the form of the
2distribution Eq. (2) is reovered [9℄. Equation (3) is es-
sentially equivalent to Eq. (2). However, it reveals a di-
ret onnetion between the nite aspet of the many-
partile system and the generalized q-statistis [10℄. It
is analogous to state that, if the ondition of an innite
heat bath apaity is violated, the resulting anonial dis-
tribution an no longer be of the exponential type and
therefore should not follow the traditional BG thermo-
statistis. Inspired by these results, we propose here a
theoretial approah for the thermostatistis of Tsallis
that is entirely based on standard methods of statistial
mehanis. Subsequently, we will not only reover the
previous observation that an adequate physial setting
for the Tsallis formalism should be found in the physis
of nite systems, but also derive a novel and exat or-
respondene between the Hamiltonian struture of a sys-
tem and its losed-form q-distribution, supporting our
ndings through a spei numerial experiment.
II. THEORETICAL FRAMEWORK
We start by onsidering, in a shell of onstant energy,
a system whose Hamiltonian an be written as a sum of
two parts, viz.
H(r) = H1(r1) +H2(r2, r3, . . . ), (4)
where r = (r1, r2, r3, . . . ) = (r1, . . . , r2N ), with
r1 = (r1, . . . , rn1), r2 = (rn1+1, . . . , rn1+n2), r3 =
(rn1+n2+1, . . . , rn1+n2+n3) and so on. The fat that
Tsallis distribution is a power-law instead of exponen-
tial strongly suggests us to look for sale-invariant forms
of Hamiltonians [11℄. Furthermore, sine sale-invariant
Hamiltonians onstitute a partiular ase of homoge-
neous funtions [12℄, our approah here is to show that,
if H2 satises a generalized homogeneity relation of the
type
λH2(r2, r3, . . . ) = H2(λ
1/a2r2, λ
1/a3r3, . . . ), (5)
where λ, a2, a3, . . . are non-null real onstants, then the
orret statistis for H1(r1) is the one proposed by Tsal-
lis. The foregoing derivation is based on a simple saling
argument, but we shall draw parallels to Ref. [9℄ when-
ever appropriate.
The struture funtion (density of states) for H2 at the
energy level E is given by
Ω2(E) =
∫
δ(H2(r2, r3, . . . )− E)dV2, (6)
where dV2 = d
n2
r2d
n3
r3 . . . is the volume element in the
subspae spanned by (r2, r3, . . . ). For systems satisfying
equation (5), this funtion an be evaluated taking λ > 0
and omputing
Ω2(λE0) =
∫
δ(H2(r2, r3, . . . )− λE0)dV2
=
1
λ
∫
δ(λ−1H2(r2, r3, . . . )− E0)dV2
=
1
λ
∫
δ(H2(λ
− 1
a2 r2, λ
− 1
a3 r3, . . . )− E0)dV2
=
1
λ
∫
δ(H2(r
′
2, r
′
3, . . . )− E0)λ
n2
a2
+
n3
a3
+...
dV ′2
= λ1/(q−1)Ω2(E0), (7)
where we dene
1
q − 1
≡
∑
i=2,3,...
ni
ai
− 1, (8)
and utilize the notation r
′
2 = λ
−1/a2r2, r
′
3 = λ
−1/a3r3,
et., and dV ′2 = d
n2
r
′
2d
n3
r
′
3 . . . Hene, if Ω2 is dened
at a value E0, it is also dened at every E = λE0, with
λ > 0. We an then write
Ω2(E) =
(
E
E0
) 1
q−1
Ω2(E0), (9)
and express the anonial distribution law over the phase
spae of H1 as
f(r1) =
Ω2(H −H1(r1))
Ω(H)
=
Ω2(H)
Ω(H)
(
1−
H1(r1)
H
) 1
q−1
, (10)
where H is the total energy of the joint system omposed
by H1 and H2, and Ω(H) is its struture funtion,
Ω(H) =
∫
δ(H1(r1) +H2(r2, r3, . . . )−H)dV1dV2,
(11)
where dV1 and dV2 are the innitesimal volume elements
of the phase spaes of H1 and H2, respetively. Compar-
ing Eq. (10) with the distribution in the form of Eq. (2),
we get the following relation between q, β and H :
β =
1
(q − 1)H
. (12)
Notie that one ould reah exatly the same result us-
ing the methodology proposed in Ref. [9℄, i.e. by evalu-
ating β(E) = Ω′2(E)/Ω2(E) at E = H , alulating q − 1
through Eq. (3) and inserting these quantities bak in
Eq. (2).
As already mentioned, previous studies have shown
that the distribution of Tsallis Eq. (2) is ompatible
with some anomalous anonial ongurations where
the heat bath is nite [4℄ or omposes a peuliar type of
extended phase-spae dynamis [13℄. In our approah,
3the observation of Tsallis distribution simply reets the
nite size of a thermal environment with the property
(5), the thermodynamial limit orresponding to q → 1
in Eq. (8). We emphasize that, although similar onlu-
sions ould be drawn from Refs. [4, 13℄, the theoretial
framework introdued here permits us to put forward a
rigorous realization of the q-thermostatistis: it stems
from the weak oupling of a system to a heat bath
whose Hamiltonian is a homogeneous funtion of its o-
ordinates, the value of q being ompletely determined by
its degree of homogeneity, Eq. (8). This provides also
a diret orrespondene between the parameter q and
the Hamiltonian struture through geometrial elements
of its phase spae, viz. the surfaes of onstant energy
H2 = E.
As a spei appliation of the above results, we in-
vestigate the form of the momenta distribution law for a
lassial N -body problem in d-dimensions. The Hamil-
tonian of suh a system an be written as
H(p,q) =
1
2
N∑
i=1
p
2
i + V (q1, . . . ,qN )
= H1(p1, . . . ,pN ) +H2(q1, . . . ,qN ), (13)
where we dene H1 ≡
1
2
∑N
i=1 p
2
i , pi = (pi1, . . . , pid) is
the linear momentum vetor of an arbitrary partile i
(hene the number of degrees of freedom of the system 1
is n1 = Nd), andH2 (the bath) is due to a homogeneous
potential V (q) of degree α, i.e., λV (q) = V (λ1/αq) with
q = (q1, . . . ,qN ). At this point, we emphasize that the
distintion between system and bath is merely formal
and does not neessarily involve a physial boundary. It
relies solely on the fat that we an deompose the total
Hamiltonian in two parts [14℄. By making the orrespon-
denes r1 = (p1, . . . ,pN ), r2 = (q1, . . . ,qN ), n1 = Nd,
n2 = Nd, a1 = 2 and a2 = α, the homogeneity relation
(5) is satised. From Eq. (10) it then follows that
f(p1, . . . ,pN ) ∝
[
H −
1
2
N∑
i=1
p
2
i
] 1
q−1
, (14)
where the nonextensivity measure q is given by
1
q − 1
=
Nd
α
− 1 ⇒ q =
Nd
Nd− α
. (15)
It is often argued that the range of the fores should play
a fundamental role in deiding between the BG or Tsallis
formalisms to desribe the thermostatistis of an N -body
system [2℄. For example, the saling properties of the
one-dimensional Ising model with long-range interation
has been investigated analytially [15℄ and numerially
[16℄ in the ontext of Tsallis thermostatistis, whereas
in Ref. [17℄ a rigorous approah was adopted to study
the nonextensivity of a more general lass of long-range
systems in the thermodynami limit (see below). Reall
that, for a d-dimensional system, an interation is said
to be long-ranged if −d ≤ α ≤ 0. Within this regime,
the thermostatistis of Tsallis is expeted to apply, while
for α < −d the system should follow the standard BG
behavior [2℄. This onjeture is not onrmed by the re-
sults of the problem at hand. Indeed, Eq. (14) is onsis-
tent with the generalized q-distribution Eq. (2) no matter
what the value of α is, as long as it is non-null and N
is nite. In the limit N → ∞, however, we always get
q → 1, with the value of α determining the shape of the
urve q = q(N). If α > 0, q approahes the value 1 from
above, while for α < 0 the value of q is always less than
1. Therefore, for (ergodi) lassial systems with N par-
tiles interating through a homogeneous potential, the
equilibrium distribution of momenta always goes to the
Boltzmann distribution, f(r1) ∝ exp[−βH1(r1)], when
N →∞. This observation should be onfronted with the
reent results of Vollmayr-Lee and Luijten [17℄, who in-
vestigated the nonextensivity of long-range (therein non-
integrable) systems with algebraially deaying intera-
tions through a rigorous Ka-potential tehnique. Con-
trary to the trend established by the pratitioners of Tsal-
lis' formalism, those authors argue that it is possible to
obtain the nonextensive saling relations of Tsallis with-
out resorting to an a priori q-statistis, the Boltzmann-
Gibbs presription (q = 1) being suient for desribing
long-range systems of the type above. Even though our
ndings embody partially the same message (we are not
yet onerned about saling relations), there are some
aveats that prevent their results from being straightfor-
wardly appliable to our problem: neither a system-size
regulator for the energy nor a uto funtion is present in
our treatment. This is immediately in ontrast with their
observation that the bulk thermodynamis strongly de-
pends on the funtional form of the regulator. Moreover,
by not addressing the distribution funtion expliitly at
nite system sizes, that work has very little in ommon
with the most interesting part of our study, whih might
in fat explain some observations of the q-distribution.
Notwithstanding these dierenes, we believe that an in-
vestigation of the saling properties of the system stud-
ied here would eluidate from a dierent perspetive the
onnetion of Tsallis thermostatistis with nonextensiv-
ity and is ertainly a very welome endeavor.
It is important to stress here that the essential fea-
ture determining the anonial distribution is the geom-
etry of the phase spae region that is eetively visited
by the system. In a previous work by Latora et. al.
[18℄, the dynamis of a lassial system of N spins with
innitely long-range interation is investigated through
numerial simulations, and the results indiate that if
the thermodynami limit (N → ∞) is taken before the
innite-time limit (t → ∞), the system does not relax
to the Boltzmann-Gibbs equilibrium. Instead, it dis-
plays anomalous behavior haraterized by stable non-
Gaussian veloity distributions and dynamial orrela-
tion in phase spae. This might be due to the appear-
ane of metastable state regions that have a fratal na-
ture with low dimension. In our theoretial approah,
however, it is assumed that the innite-time limit is
4taken before the thermodynami limit. As a onsequene,
metastable or quasi-stationary states like the ones ob-
served by Latora et al. [18℄ with a partiular long-
range Hamiltonian system annot be predited within
the framework of our methodology. Whether this type
of dynamial behavior an be generally and adequately
desribed in term of the nonextensive thermostatistis of
Tsallis still represents an open question of great sienti
interest.
III. NUMERICAL EXPERIMENTS
In order to orroborate our method, we investigate
through numerial simulation the statistial properties
of a linear hain of anharmoni osillators. Besides the
kineti term, the Hamiltonian inludes both on-site and
nearest-neighbors quarti potentials, i.e.
H =
N∑
i=1
p2i
2
+
N∑
i=1
q4i
4
+
N∑
i=1
(qi+1 − qi)
4
4
. (16)
The hoie of this system is inspired by the so-alled
Fermi-Pasta-Ulam (FPU) problem, originally devised to
test whether statistial mehanis is apable or not to
desribe dynamial systems with a small number of par-
tiles [19℄. From Eq. (16), we obtain the equations of
motion and integrate them numerially together with the
following set of initial onditions:
qi(0) = 0,
pi(0) =
4∑
k=1
cos
(
2piik
N
+ ψk
)
, i = 1, . . . , N (17)
where ψk is a random number within [0, 2pi). Undoubt-
edly, a rigorous analysis onerning the ergodiity of this
dynamial system would be advisable before adopting the
FPU hain as a plausible ase study. This represents a
formidable task, even for suh a simple problem [20℄. For
our pratial purposes, it sues, however, to test if the
system displays equipartition among its linear momen-
tum degrees of freedom, sine this is one of the main sig-
natures of ergodi systems. Indeed, one an show from
the so-alled Birkho-Khinhin ergodi theorem that, for
(almost) all trajetories [21℄,
lim
t→∞
〈
pi
∂H
∂pi
〉
(t) =
Γ(E)
Ω(E)
≡ Θ, i = 1, . . . , N (18)
where Γ(E) =
∫
H(r)<E
dV is the volume of the phase
spae with H < E, 〈A〉(t) = (1/t)
∫ t
0 dτA(τ) denotes the
the usual time average of an observable A, and Θ stands
for the absolute temperature of the whole system, Θ =
4E/(3N) (f. [22℄). We then follow the time evolution of
the quantities
Qi(t) ≡
1
Θ
〈
pi
∂H
∂pi
〉
(t), i = 1, . . . , N (19)
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FIG. 1: Logarithmi plot of the resaled distribution
H
1−N/2
1 f(H −H1) as a funtion of the transformed variable
H − H1 for N = 8 (irles), 16 (triangles up), 32 (squares),
and 64 (triangles down) anharmoni osillators. The solid
straight lines are the best t to the simulation data of the
expeted power-law behavior Eq. (14). The slopes are 1.0068
(1.0), 3.07 (3.0), 7.21 (7.0), and 15.27 (15.0) for N = 8, 16, 32,
and 64, respetively, and the numbers in parentheses indiate
the expeted values obtained from Eq. (15). The departure
from the power-law behavior at the extremes of the urves is
due to nite-time sampling.
to hek if they approah unity as t inreases. From the
results of our simulations with dierent values of N and
several sets of initial onditions, we observe in all ases
the asymptoti behavior, Qi(t)→ 1 as t→∞. This pro-
edure also indiates a good estimate for the relaxation
time of the system, τ ≈ 105, so we shall onsider our sta-
tistial data only for t > 105, with a typial observation
time in the range 107 − 108, after thermalization.
In Fig. 1 we show the logarithmi plot of the dis-
tribution f(p1,p2, . . . ) against the transformed variable
H − H1 for systems with N = 8, 16, 32, and 64 osil-
lators. Based on the above result, we assume ergodiity
and ompute the distribution of momenta from the u-
tuations in time of H1 through the relation
f(H1) ∝ H
(N/2)−1
1 f(p1,p2, . . . ), (20)
where the H
(N/2)−1
1 fator aounts for the degeneray
of the momenta onsistent with the magnitude of H1 (f.
[14℄). Indeed, we observe in all ases that the utuations
in H1 follow very losely the presribed power-law behav-
ior Eq. (14), with exponents given by Eq. (15). These re-
sults, therefore, provide lear evidene for the validity of
our dynamial approah to the generalized thermostatis-
tis.
IV. CONCLUSION
In onlusion, we have shown that the generalized
formalism of Tsallis an be applied to homogeneous
5Hamiltonian systems to engender an adequate theoret-
ial framework for the statistial mehanis of nite sys-
tems. Of ourse, we do not expet that our approah an
explain the whole spetrum of problems in whih Tsal-
lis statistis an be applied. However, our exat results
learly indiate that, as far as homogeneous Hamiltonian
systems are onerned, the range of the interating po-
tential should play no role in the equilibrium statistial
properties of a system in the thermodynami limit [23℄.
Under these onditions, the onventional BG thermo-
statistis remains valid and general, i.e., for the spei
lass of homogeneous Hamiltonians investigated here, the
thermodynami limit (N → ∞) leads always to BG dis-
tributions.
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